Abstract. We study manifolds with almost nonnegative curvature operator (ANCO) and provide first examples of closed simply connected ANCO mannifolds that do not admit nonnegative curvature operator.
Introduction
The present note sets out to study and construct closed smooth manifolds with almost nonnegative curvature operator, here in short termed "ANCO" manifolds. Its motivation mainly stems from the following sources.
Whereas recent work of Ch. Böhm and B. Wilking ([BW08])
, showing that manifolds with positive curvature operator are space forms, has, when combined with previous works on the subject, also entailed a final classification of manifolds with nonnegative curvature operator, the case of almost nonnegative curvature operator is still far from being understood. Moreover, manifolds with almost nonnegative curvature operator equally deserve special attention. Very recently, J. Lott has developed a first structure theory for manifolds collapsig under a lower bound on the curvature operator and extended the results of Cheeger and Gromov on F-structures in collapse under both-sided bonds on sectional curvature to this setting (see [Lo12] ). His work also implies that in obtaining a more general picture capturing all collapsed directions as in the work of Cheeger-Fukaya-Gromov on N-structures, ANCO manifolds will here play the same crucial role as almost flat manifolds do there and manifolds with almost nonnegative sectional curvature do play in collapsing with curvature bounded from below.
Our first result shows that even in the simply connected case one can distinguish the class of manifolds with almost nonnegative operator from the class with nonnegative one, and that there are in fact plenty of spaces which do so.
Theorem 1 In dimension n = 7 and each dimension n 9 there exist infinite sequences of closed simply connected n-manifolds of pairwise distinct homotopy type which all admit almost nonnegative curvature operator but none of which supports a metric with nonnegative curvature operator.
Theorem 1 provides, at least to our knowledge, the first examples of closed simply connected ANCO manifolds which do not support any metric with nonnegative curvature operator.
In this regard, Theorem 1 is also in strong contrast to the fact that until now one does not know of a single example of a closed simply connected manifold with almost nonnegative sectional curvature for which it could be shown that it does not also admit (strictly) nonnegative sectional curvature.
The simplest examples of simply connected ANCO manifolds not admitting nonnegative curvature operator constructed here are given by (simply connected) total spaces of principal circle bundles over CP 1 × CP 2 among which there is also the non-trivial S 5 bundle over S 2 . Interestingly enough, these already give rise to a phenomenon which is impossible in the case of manifolds with nonnegative curvature operator:
Theorem 2 There exist homeomorphic closed simply connected 7-manifolds with almost nonnegative curvature operator which are not diffeomorphic.
To obtain the spaces which yield the above theorems, we first construct ANCO metrics on the total spaces of certain principal bundles over (A)NCO manifolds (see Theorem 3.1). This is done in section 3 using a criterion of the first-named author ( [Her12] ). The proofs of Theorem 1 and Theorem 2, also given there, then follow easily from the classification of manifolds with nonnegative curvature operator and work of Kreck and Stolz ([KS88] ).
The other parts of this work are structured as follows: In the next section, we provide relevant definitions and preliminaries, together with some first examples of ANCO manifolds. We also take the opportunity to draw attention to a Betti number estimate for ANCO manifolds due to P. Bérard ([Be88] ). Section 4 concludes this work with a number of further remarks and open questions.
The last-named author wishes to thank John Lott for communicating his work to him, and besides John also Anton Petrunin and Burkhard Wilking for several stimulating conversations on ANCO spaces.
Preliminaries on ANCO manifolds
Definition 2.1 A closed smooth manifold M is said to admit almost nonnegative curvature operator (ANCO) if for all ε > 0 there exists a Riemannian metric g ε on M such that all eigenvalues λ ε of the associated curvature operator on bivectors and the diameter of g ε satisfy the inequality
If, in addition, when replacing −ε by ε, the reverse inequality is also satisfied, M is said to have almost flat curvature operator.
Notice that a manifold has almost flat curvature operator if and only if it is almost flat, i.e., diffeomorphic to an infranil manifold. Moreover, as in the case of nonnegative curvature operator, Riemannian products of ANCO manifolds are ANCO.
If one is not especially concerned about the simply connected case, there is, as is evidenced by the following fact, indeed a multitude of ANCO manifolds.
Fact 2.1 Any finitely generated almost nilpotent group Γ can be realized as the fundamental group of an ANCO manifold.
This can be seen, for instance, by using that products of ANCO manifolds are ANCO and mimicking a construction of Wilking (see [Wil00] ) to make any such Γ act cocompactly, freely and properly discontinuously by isometries on a product of a connected and simply connected nilpotent Lie group, equipped with a left invariant metric, and a special unitary group with its bi-invariant metric.
Of course, ANCO manifolds always admit almost nonnegative sectional curvature, but whether the converse is also true seems presently unclear. When combining the work in [Wil00] with Fact 2.1, one actually sees:
Fact 2.2 A finitely generated group Γ is isomorphic to the fundamental group of an ANCO manifold iff Γ is isomorphic to the fundamental group of a closed manifold with almost nonnegative sectional curvature iff Γ is isomorphic to the fundamental group of a closed manifold with almost nonnegative Ricci curvature.
For a brief survey on principal obstructions to admitting metrics of almost nonnegative sectional or Ricci curvature we refer to [KPT10] , and [Tu12] also describes detailed examples of such manifolds. Many examples of collapsing with curvature operator bounded from below can be found in Lott's recent work [Lo12] . The only further obstruction to admitting ANCO we are aware of is the following Betti number estimate which is contained, somewhat hidden, in work of P. Bérard (see [Be88] ). That it also holds for manifolds of (almost) nonnegative sectional curvature is a long-standing open conjecture by Gromov, and for NCO manifolds it just follows from the fact that there harmonic forms are always parallel.
Böhm and Wilking have shown that manifolds with positive curvature operator are space forms (see [BW08] ). Together with earlier results on the classification of manifolds with nonnegative curvature operator, this yields a complete geometric description of all such manifolds (compare, e.g., [CLN06] and the further references given there). Specializing this classification to the simply connected case (which is the only one we need here) gives Proposition 2.4 A closed simply connected manifold with nonnegative curvature operator is isometric to a Riemannian product of Remark 2.5 In particular, as follows from Cartan's classification of symmetric spaces of compact type (see, e.g., [Hel01] ), in each fixed dimension there exist thus only a finite number of diffeomorphism types of closed simply connected manifolds with nonnegative curvature operator.
Almost Nonnegative Curvature Operator on Principal Bundles
Here we discuss the curvature operator of a principal fibre bundle π : P → M over a compact manifold M whose fibre is a compact Lie group G.
In [FY92] K. Fukaya and T. Yamaguchi showed that the total spaces of such bundles admit almost nonnegative sectional curvature, if the base space M does so.
To prove this result they used metrics of the following type. Let γ be a connection form on P , b a biinvariant metric on G and g M a Riemannian metric on M . Then for every t > 0
defines a Riemannian metric on P for which π is a Riemannian submersion with totally geodesic fibres.
, so that there is the commutative diagram
where π 1 : P →P is a principal bundle with fibre [G, G] and π 2 :P → M is a principal bundle with fibre the abelian Lie group G [G, G] .
As g t is invariant under the action of G on P , there is an induced metric g t onP which makes π 1 and π 2 also into Riemannian submersions. 
The following result now gives a criterion for P to admit almost nonnegative curvature operator with respect to these metrics g t .
Theorem 3.1 Let (M, g M ) have nonnegative curvature operator. Then (P, g t ) has almost nonnegative curvature operator as t → 0, iff (P, g t ) is locally isometric to (P × [G, G],g t × t 2 b) for every t.
In the case where M only admits almost nonnegative curvature operator, we still have one of the implications.
Theorem 3.2 Let M admit ANCO. If G is abelian, then P has ANCO.
Notice that Theorems 3.1 and 3.2 cannot be directly used to obtain almost nonnegative curvature operator on associated non-principal bundles, since lower bounds for the the eigenvalues of the curvature operator are, in general, not preserved under Riemannian submersions.
Both the above theorems follow from the next proposition, contained in [Her12] , and Theorem 3.2 independently also follows from the calculations in [Se11] and [Lo12] . At the end of this section, we will use Theorem 3.2 to prove Theorems 1 and 2.
Main Proposition 3.3
Let Ω denote the curvature form of γ .
(1) Let (M, g M ) have nonnegative curvature operator. Then (P, g t ) has almost nonnegative curvature operator as
(2) Let M admit almost nonnegative curvature operator. If Im(Ω) ⊂ [g, g] ⊤ , then P admits almost nonnegative curvature operator.
Proof of theorems 3.1 and 3.2 using proposition 3.3. Assume that (M, g M ) has nonnegative curvature operator. By the proposition, (P, g t ) has almost nonnegative curvature operator as t → 0 if and only if the image of the curvature form of γ is contained in the orthogonal complement of [g, g] . This means that the curvature form Ω 1 of γ 1 is zero. Therefore γ 1 is locally isomorphic to the canonical connection form onP × [G, G]. By the definition of the metrics g t andg t this gives locally defined isometries.
The other implication is given by the fact, thatP satisfies the condition of Proposition 3.3(1). Therefore (P ,g t ) has almost nonnegative curvature operator as t → 0 and so the local Riemannian product P . Theorem 3.2 is a direct consequence of 3.3 (2), since in this case [g, g] = {0}.
The proof of the above proposition is given at the end of this section and is based upon the following preparations. Let ∇ t denote the Levi-Civita connection of g t and ∇ := ∇ 1 . Furthermore, let A t denote the O'Neill-tensor of π with respect to g t and A := A 1 . The Koszul formula implies Lemma 3.4 (see [FY92] , Lemma 2.3) For horizontal vector fields X, Y and vertical vector fields V, W we have:
Lemma 3.5 If X , Y are horizontal vector fields and V , W are vertical vector fields, then:
Proof. We have
We can now use this lemma together with the O'Neill formulas to calculate the components of the curvature operator of (P, g t ). To do this, let us fix a point p ∈ P and an orthonormal basis (w.r.t. g 1 )
is horizontal and X a , a ≥ n + 1, is vertical. We extend X 1 , . . . , X n to vector fields which locally form a basis of the horizontal space and use the same symbols to denote these vector fields. For a ≥ n + 1 we extend X a as the canonical vector field given by the right action of G, so
(q. exp(tγ(X a ))).
Proposition 3.6 For the curvature tensor R t of P with respect to the metric g t we have
Proof. This follows from the above lemmata by a straightforward calculation.
Hence, in the basis
where C 1 and C 2 are some symmetric matrices and the components of A and B are given by
, respectively. So A is a symmetric matrix, but one can think of it as being build from skew-symmetric blocks, arranged in a skew-symmetric way.
It is then a simple exercise in linear algebra to show that such a matrix A has a negative eigenvalue iff A = 0.
The proof of proposition 3.3 is now quite simple:
Proof of proposition 3.3. Let us first assume that (M, g M ) has nonnegative curvature operator. Notice that A = 0 if and only if B = 0. As t → 0, the smallest eigenvalue ofR t converges to something which is less or equal to the smallest eigenvalue of A. Since A has a negative eigenvalue if A = 0, (P, g t ) can only have almost nonnegative curvature operator as t → 0 when A = 0. But if A = 0, then also B = 0, so the smallest eigenvalue ofR t converges to 0 as t → 0. It remains to note that A = 0 if and only if Im(Ω) is perpendicular to [g, g] .
Let us now assume M admits almost nonnegative curvature operator and that Im(Ω) is perpendicular to [g, g] , so A = 0 for every metric on M . Let ε > 0 be given. We then choose a metric g M on M such thatR M > − ε 2 . In every point, the smallest eigenvalue ofR t then converges to the one ofR M . By compactness, we can choose t 0 > 0 such thatR t 0 > −ε everywhere.
We will now use Theorem 3.2 to prove Theorems 1 and 2 by looking at principal circle bundles over products of complex projective spaces.
Proof of Theorem 1 and Theorem 2. Let now, for coprime nonzero integers k and l , P k,l denote the seven-dimensional total space of the principal circle bundle over CP 1 × CP 2 with Euler class kα+ lβ , where α and β are generators of the second integral cohomology group of CP 1 and CP 2 , respectively. Then all P k,l are simply connected and admit ANCO by Theorem 3.2.
By an elementary calculation using the Gysin sequence one sees that there are infinitely many distinct homotopy types among the manifolds P k,l , and by Remark 2.5 only finitely many of them can admit nonnegative curvature operator. Crossing the others with simply connected spheres of appropriate codimension then yields Theorem 1.
To obtain Theorem 2, we note that Kreck and Stolz (see [KS88] ) showed in particular that among the P k,l there exist homeomorphic manifolds which are not diffeomorphic. (That actually none of these can admit nonnegative curvature operator is clear from Proposition 2.4.)
Further Remarks and Open Questions
We conclude this article with a number of remarks and open questions.
The biggest question, of course, is whether it is possible to classify, as in the case of nonnegative curvature operator, all manifolds which admit almost nonnegative curvature operator.
A positive answer to the following question would, at least essentially, reduce the general classification to the simply connected case. We would like to mention here that all non-trivial S 4k+1 bundles over S 2 , k = 1, 2, . . . , admit ANCO. They can be written as principal circle bundles over S 2 × CP 2k , so that Theorem 3.2 applies to them. Notice that for manifolds with nonnegative curvature operator, the answer to the last two questions is positive.
Remark 4.7 Theorem 3.1 and Theorem 3.2 of course give rise to topologically quite more complicated examples than the ones which we used to prove Theorem 1 and Theorem 2. But none of them seem to solve the case of dimensions different from the ones appearing there so far.
Nevertheless, we do suspect that the classes of simply connected manifolds with nonnegative curvature operator and the respective one of ANCO manifolds actually already differ from each other in every dimension n 4.
